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This paper investigates the physical effects of Yang-Baxter equation (YBE) to quantum entanglements
through the 3-body S-matrix in entangling parameter space. The explicit form of 3-body S-matrix R˘123(θ, ϕ)
based on the 2-body S-matrices is given due to the factorization condition of YBE. The corresponding chain
Hamiltonian has been obtained and diagonalized, also the Berry phase for 3-body system is given. It turns out
that by choosing different spectral parameters the R˘(θ, ϕ)-matrix gives GHZ and W state respectively. The
extended 1-D Kitaev toy model has been derived. Examples of the role of the model in entanglement transfer
are discussed.
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I. INTRODUCTION
Quantum entanglement plays an important role in quan-
tum information due to its applications in quantum commu-
tation and information processing[1], superdense coding[2],
quantum key distribution[3] and computation[4] and so on.
There have been different approaches in describing quantum
entanglements. On the other hand, there has been long his-
tory of Yang-Baxter equation(YBE)[5–14] in dealing with
the integrable models, low dimensional quantum field the-
ory(QFT), statistical models and and quantum groups[9–14].
As is known well that YBE is the condition that a 3-body scat-
tering matrix with one-dimensional spectral parameter(say,
momentum) can be decomposed into three 2-body scattering
matrices. Typically, YBE takes the following form:
R˘i,i+1(x)R˘i+1,i+2(xy)R˘i,i+1(y)
= R˘i+1,i+2(y)R˘i,i+1(xy)R˘i+1,i+2(x) (1)
where R˘i,i+1(x) = I⊗· · · R˘(x)
i,i+1
· · · I and x, y stand for spec-
tral parameters. For the familiar spin chain models usually
x = eiu, then Eq.(1) becomes:
R˘i,i+1(u)R˘i+1,i+2(u+v)R˘i,i+1(v)
= R˘i+1,i+2(v)R˘i,i+1(u+v)R˘i+1,i+2(u) (2)
which means that the scattering obeys the Galilean additivity
for velocities u and v. The spectral parameter independent
asymptotic form of R˘(x) denoted by B obeys braid relation:
BiBi+1Bi = Bi+1BiBi+1 (Bi ≡ Bi,i+1) (3)
Bi = I⊗· · · B
i i+1
· · · I (4)
It is interesting to note that the new progress has been made
to find a new type of solutions of Eq.(3) different from those
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stated at the beginning of this section that is traditionally fa-
miliar and called Type-I. For simplicity we call the “tradi-
tional” solutions of Eq.(3) Type-I, whereas the new type of
solutions related to quantum entanglement are called Type-II.
The Type-II of braiding matrices satisfying Eq.(3) was
first proposed in Ref.[15], then extended to the correspond-
ing matrices obeying YBE(Eq.1) which no longer takes the
form(Eq.2). For the self-contain we briefly summarize the
main results for the Type-II solutions of Eq.(1) and (3). The
key observation is that the matrixBi,i+1 transforming the nat-
ural basis |ψ0〉 to the Bell states |ψB〉 obeys the braid rela-
tion(Eq.3)[16].
|ψB〉 = Bi,i+1
 |00〉|01〉|10〉
|11〉
 ≡ Bi,i+1|ψ0〉 (5)
Bi,i+1 =
1√
2
 1 0 0 e
iϕ
0 1 1 0
0 −1 1 0
−e−iϕ 0 0 1
 = 1√
2
(I+M) (6)
where M2 = −I , and
Bi,i+1
 |00〉|01〉|10〉
|11〉
 = 1√
2
 |00〉−e
−iϕ|11〉
|01〉−|10〉
|10〉+|01〉
eiϕ|00〉+|11〉
 (7)
Further Eq.(7) can be parametrized to satisfy YBE(Eq.1) in
terms of the new spectral parameter θ:
R˘i,i+1 =
1√
1+x2
(Bi,i+1+xB
−1
i,i+1) (8)
by introducing new variable of angle θ as cos θ = 1+x√
2(1+x2)
and sin θ = 1−x√
2(1+x2)
, we have:
R˘i,i+1(θ, ϕ) =
 cos θ 0 0 sin θe
iϕ
0 cos θ sin θ 0
0 − sin θ cos θ 0
− sin θe−iϕ 0 0 cos θ

(9)
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2In Ref.[17–19], 2-body S-matrix R˘i,i+1(θ, ϕ) has been intro-
duced from the Yang-Baxterization approach for discussing
the entanglement of 2-qubit pure states. By acting the unitary
matrix R˘i,i+1(θ, ϕ) on the direct product state |kl〉 = |k〉⊗|l〉,
we get the four states:
R˘i,i+1
 |00〉|01〉|10〉
|11〉
 =
 cos θ|00〉−sin θe
−iϕ|11〉
cos θ|01〉−sin θ|10〉
sin θ|01〉+cos θ|10〉
sin θeiϕ|00〉+cos θ|11〉
 (10)
The physical meaning of θ is related to the entanglement de-
gree, from the right hand side of the above equation, the four
states process the same degree of entanglement with | sin 2θ|:
when θ = pi4 , R˘i,i+1(θ, ϕ) turns to the braiding operator and
four states reduce to Bell basis.
For the self-contain we briefly summarize the known results
for the connection between YBE and quantum entanglements.
(A) Setting ϕ = 0 in Eq.(6), M becomes M = iγ1 where
γ1 is Dirac matrix. Because γ1 = −C where C is the charge
conjugate operator in Majorana representation. Thus Eq.(9)
leads to:
S(θ) = R˘(θ) = e−iθC (11)
whose eigenstates are S(θ)|ξ±〉 = e±iθ|ξ±〉 and S(θ)|η±〉 =
e±iθ|η±〉 with |ξ±〉 = 1√2 (| ↑↑〉±i| ↓↓〉) and |η±〉 = 1√2 (| ↑↓
〉±i| ↓↑〉).
(B) To satisfy the YBE parameterized in terms of θ1, θ2 and
θ3
R˘12(θ1, ϕ)R˘23(θ2, ϕ)R˘12(θ3, ϕ)
= R˘23(θ3, ϕ)R˘12(θ2, ϕ)R˘23(θ1, ϕ) (12)
the condition holds
tan θ2 =
tan θ1+tan θ3
1+tan θ1 tan θ3
(13)
If u = tan θ, Eq.(13) reads the Lorentz additivity for c = 1
rather than Galilean.
(C) The Hamiltonian associated with 2-body entanglement
takes the form for ϕ = ϕ(t):
Hˆi,i+1 = −~ϕ˙ sin θ[ sin θ2
(
S3i +S
3
i+1
)
+ cos θ
(
eiϕS+i S
+
i+1+e
−iϕS−i S
−
i+1
)
] (14)
i.e. the 1D Kitaev model without hopping term[20]. The cor-
responding eigenvalues and eigenstates for ϕ = Ωt are:
E± = ∓~Ω sin θ
|ψ+〉(θ, ϕ) = cos(pi4− θ2 ) |↑↑〉+sin(pi4− θ2 )e−iϕ |↓↓〉
|ψ−〉(θ, ϕ) = − sin(pi4− θ2 )eiϕ |↑↑〉+cos(pi4− θ2 ) |↓↓〉
The corresponding Berry phase is[17–19]
γ± = ±pi(1−sin θ) (16)
There are different approaches in describing 3-qubit entan-
glement for pure states[21–25]. Inspired by the relationship
between 2-body S-matrix and 2-qubit entanglement, investi-
gating how 3-body S-matrix is related to 3-qubit pure state
entanglement turns interesting. If a 3-body S-matrix related to
3-qubit entanglement can be decomposed into three 2-body S-
matrices as constrained by YBE, we then express the 3-qubit
entanglement in terms of three 2-qubit entanglements explic-
itly. Since from the view-point of S-matrix theory, it is accept-
able to regard 2-body scattering as basic ones in low energy
phenomena. Suppose a 3-body S-matrix can be expressed by
R˘123(θ1, θ2, θ3, ϕ) (17)
= R˘12(θ1, ϕ)R˘23(θ2, ϕ)R˘12(θ3, ϕ)
= R˘23(θ3, ϕ)R˘12(θ2, ϕ)R˘23(θ1, ϕ)
The relation for θ1, θ2 and θ3 is then
tan θ1 tan θ2 tan θ3+tan θ2−tan θ1−tan θ3 = 0 (18)
Namely, θ2 can be replaced by θ1 and θ3 by applying Eq.
(18) in R˘123(θ1, θ2, θ3, ϕ), then R˘123 depends on θ1, θ3 and
ϕ only.
The calculation shows that R˘123 can be expressed in the
form(see Appendix A):
R˘123(η, β, ϕ) = e
iη(~n·~Σ) (19)
where
cos η = cos θ2 cos (θ1+θ3)
sin η = sin θ2
√
1+cos2(θ1−θ3)
~n =
(
1√
2
cosβ, 1√
2
cosβ, sinβ
)
~Σ =
(
Σ1, Σ2, Σ3
)
=
(
σ2⊗σ1⊗I, I⊗σ2⊗σ1, σ2⊗σ3⊗σ1
)
cosβ =
√
2 cos(θ1−θ3)√
1+cos2(θ1−θ3)
sinβ = − sin(θ1−θ3)√
1+cos2(θ1−θ3)
and σ1 =
(
0 eiϕ
e−iϕ 0
)
, σ2 =
(
0 −ieiϕ
ie−iϕ 0
)
, σ3 =(
1 0
0 −1
)
. It is easy to check that Σ1, Σ2 and Σ3 satisfy
[Σi,Σj ] = iijkΣk(i, j, k = 1, 2, 3) with Σ2 = 3/4.
For R˘12 = eiθM with M = σ2⊗σ1 , θ defines the en-
tangled degree of 2-qubit system. In analogy to θ, here
η (θ1+θ3, θ1−θ3) and β (θ1−θ3) are used to define the en-
tangled degree of certain type 3-qubit pure states. In deal-
ing with 2-body S-matrix R˘12 and quantum entanglement, the
corresponding Hamiltonian was obtained and diagonalized,
and the Berry phase had been also calculated. In this paper,
we extend the treatments for 2-body case to 3-body S-matrix.
3Moreover, the Hamiltonian of chain model induced from 3-
body S-matrix can be derived in comparison to 1D Kitaev toy
model[20] which generates unpaired Majorana fermions at the
end of the chain. Our aim in this work is first to give explicit
description of 3-qubit entanglement in terms of the known 2-
qubit ones due to YBE. Further, in comparison with the poly-
tope model of entanglement in Refs.[24, 26], the constrain of
YBE looks a section of the polytope in Ref.[24]. Then the
corresponding Berry phase is given. The Hamiltonian for 3-
body S-matrix is calculated which is the 1D Kitaev model with
next nearest neighbouring hopping term. Finally we present
the role of our chain model in the entanglement transfer.
The paper is organized as follows: In Sec.II, the unitary
operator R˘123(η, β, ϕ) is obtained, that acts on 3-qubit nat-
ural basis and generates states related to GHZ states and W
states, then we give the constrain of YBE in the entangle-
ment polytope; In Sec.III, the Hamiltonian constructed in
terms of the unitary matrix R˘123(η, β, ϕ) is obtained, where
ϕ is time-dependent and η, β time-independent. Based on
the eigenstates of Hamiltonian, the Berry phase in the entan-
glement space is investigated; In Sec.IV, we briefly discuss
the relationship between 2-body S-matrix and 1D Kitaev toy
model[20], then we discuss the chain model for 3-body S-
Matrix; In Sec.V, a particular example of the chain model is
discussed in the respect of entanglement transfer. The conclu-
sion and discussion will be made in the latest section.
II. 3-BODY S-MATRIX TRANSFORMATION AND
DISCUSSION
Through the discussion in Refs.[17, 18] that the entangled
degree is directly related to parameter θ for 2-body S-matrix
R˘12, because sin 2θ can be defined to describe the entangled
degree of 2-qubit state. Similarly, for 3-body S-matrix(Eq.19)
acting on the direct product states, i.e. the natural basis
|klm〉 = |k〉⊗|l〉⊗|m〉, we have the following form
R˘i,i+1,i+2 (η, β, ϕ)

|000〉
|001〉
|010〉
|011〉
|100〉
|101〉
|110〉
|111〉

= (20)

cos η|000〉− cos β sin η√
2ei2ϕ
|011〉− sin β sin η
ei2ϕ
|101〉− cos β sin η√
2ei2ϕ
|110〉
cos η|001〉− cos β sin η√
2
|010〉−sin β sin η|100〉− cos β sin η√
2ei2ϕ
|111〉
cos β sin η√
2
|001〉+cos η|010〉− cos β sin η√
2
|100〉+ sin β sin η
ei2ϕ
|111〉
cos β sin η√
2e−i2ϕ |000〉+cos η|011〉−
cos β sin η√
2
|101〉+sin β sin η|110〉
sin β sin η|001〉+ cos β sin η√
2
|010〉+cos η|100〉− cos β sin η√
2ei2ϕ
|111〉
sin β sin η
e−i2ϕ |000〉+
cos β sin η√
2
|011〉+cos η|101〉− cos β sin η√
2
|110〉
cos β sin η√
2e−i2ϕ |000〉−sin β sin η|011〉+
cos β sin η√
2
|101〉+cos η|110〉
cos β sin η√
2e−i2ϕ |001〉−
sin β sin η
e−i2ϕ |010〉+
cos β sin η√
2e−i2ϕ |100〉+cos η|111〉

Now let us discuss the entangled degree of above states. In
Ref.[25], genuine entanglement of 3-qubit pure state is iden-
tified. For a bipartite pure state |φ〉, its concurrence is defined
by C (|φ〉) =
√
1−trρ21, with ρ1 = tr2 (|φ〉〈φ|). And for 3-
qubit pure state |φ〉 = Σ1i,j,k=0aijk|i, j, k〉, Σ1i,j,k=0|aijk|2 =
1, if the 3-qubit pure state is viewed as a bipartite state un-
der the partition of one qubit and the rest qubits, the squared
concurrence can be three cases:
C21|23=(Σ
1
j,k=0|a0jk|2)(Σ1j,k=0|a1jk|2)−|Σ1j,k=0a0jka∗1jk| (21a)
C22|13=(Σ
1
i,k=0|ai0k|2)(Σ1i,k=0|ai1k|2)−|Σ1i,k=0ai0ka∗i1k| (21b)
C23|12=(Σ
1
i,j=0|aij0|2)(Σ1i,j=0|aij1|2)−|Σ1i,j=0aij0a∗ij1| (21c)
For any 3-qubit pure state |φ〉, it is genuine entangled if and
only if its concurrences for all bipartite partitions are not zero.
|φ〉 is biseprable if and only if one concurrence is zero, and
the other two concurrences are non-zero[25]. If all of the con-
currences are zero, |φ〉 is fully separable. All the states in the
right hand side of Eq.(20) share the same concurrences:
C21|23=
(
cos2 η+
1
2 cos
2 β sin2 η
)(
1
2 cos
2 β sin2 η+sin2 β sin2 η
)
(22a)
C22|13=(cos
2 η+sin2 β sin2 η)(cos2 β sin2 η) (22b)
C23|12=
(
cos2 η+
1
2 cos
2 β sin2 η
)(
1
2 cos
2 β sin2 η+sin2 β sin2 η
)
(22c)
When η = pi3 , cosβ = −
√
6
3 , sinβ = −
√
3
3 , ϕ = 0, the three
concurrencesC21|23 = C
2
2|13 = C
2
3|12 =
1
4 are maximal simul-
taneously. Then the transformed states R˘i,i+1,i+2|Ψ0〉 ≡ |Ψ〉
are:
R˘i,i+1,i+2

|000〉
|001〉
|010〉
|011〉
|100〉
|101〉
|110〉
|111〉

= 12

|000〉+|011〉+|101〉+|110〉
|001〉+|010〉+|100〉+|111〉
−|001〉+|010〉+|100〉−|111〉
−|000〉+|011〉+|101〉−|110〉
−|001〉−|010〉+|100〉+|111〉
−|000〉−|011〉+|101〉+|110〉
−|000〉+|011〉−|101〉+|110〉
−|001〉+|010〉−|100〉+|111〉

(23)
These states are related to GHZ states under local unitary
transformation:
H⊗H⊗H|Ψ〉 = 1√
2

|000〉+|111〉
|000〉−|111〉
|001〉−|110〉
−|001〉−|110〉
|011〉−|100〉
−|011〉−|100〉
−|010〉−|101〉
−|010〉+|101〉

= |GHZ〉 (24)
where H is Hadamard gate, H = 1√
2
[
1 1
1 −1
]
.
In comparison with 2-qubit entangled states generated by
2-body S-matrix R˘i,i+1, we find that they are very similar to
each other. Four 2-qubit entangled states share the same con-
currence | sin 2θ| and become Bell basis when the concurrence
is maximal, and eight 3-qubit entangled states have the same
concurrence defined in Eq.(22) and become the states related
to GHZ states when all of the three concurrences are maximal.
As mentioned in Ref.[21], there are two types of genuine
entangled states under stochastic local operations and classi-
cal communication(SLOCC), |GHZ〉 = 1√
2
(|000〉+|111〉)
4and |W 〉 = 1√
3
(|001〉+|010〉+|100〉). Having generated
states related to GHZ states, it is challenging to generate an-
other type of genuine entangled W state by 3-body S-matrix
R˘123. By choosing η = pi2 , cosβ = −
√
6
3 , sinβ = −
√
3
3 and
ϕ = 0, we get:
R˘i,i+1,i+2

|000〉
|001〉
|010〉
|011〉
|100〉
|101〉
|110〉
|111〉

=
1√
3

|011〉+|101〉+|110〉
|010〉+|100〉+|111〉
−|001〉+|100〉−|111〉
−|000〉+|101〉−|110〉
−|001〉−|010〉+|111〉
−|000〉−|011〉+|110〉
−|000〉+|011〉−|101〉
−|001〉+|010〉−|100〉

= |Φ〉
(25)
These eight states are W states that represent another type of
genuine entangled state in 3-qubit pure state system, and the
concurrences of them are C21|23 = C
2
2|13 = C
2
3|12 =
2
9 .
Now let us discuss the generated 3-qubit states via the ap-
proach of entanglement polytopes [24, 26] that detect multi-
particle entanglement from single-particle information. Ac-
cording to Ref.[24], N one-party reduced density matrices ρi
of an N-qubit pure state are obtained and the smaller eigen-
values λ(i) of the one-party matrices ρi obey the following
sufficient and necessary condition:
N∑
i 6=k,i=1
λ(i) ≥ λ(k)(k = 1, 2, · · · , N) (26)
For 3-qubit pure states, Eq.(26) and the normalization condi-
tion form the polytope in λi(i=1,2,3) space. Taking the state
generated by 3-body S-matrix |ψ〉 = R˘123 (η, β, ϕ) |000〉 as
an example,
|ψ〉 = cos η|000〉− cos β sin η√
2ei2ϕ
|011〉
− sin β sin ηei2ϕ |101〉− cos β sin η√2ei2ϕ |110〉
= A1|000〉+A2√2 |011〉+A3|101〉+
A2√
2
|110〉
(|A1|2+|A2|2+|A3|2 = 1)
We then have three smaller eigenvalues of one-party reduced
density matrices from |ψ〉:
λ(1) = min{|A1|2+ |A2|
2
2 , |A3|2+ |A2|
2
2 } (27a)
λ(2) = min{|A1|2+|A3|2, |A2|2} (27b)
λ(3) = min{|A1|2+ |A2|
2
2 , |A3|2+ |A2|
2
2 } (27c)
In Eq.(27), λ(1) = λ(3), which means that |ψ〉 must be lo-
cated in the cross section of the polytope in Ref.[24]. This is
because of the constrain due to YBE.
Let us express 3-qubit concurrence in terms of θ1, θ2 and
θ3. The 3-body S-matrix can be decomposed into three 2-
body S-matrices as constrained by YBE, each 2-body S-
matrix corresponds to the entangled degree of the 2-qubit
state. Now we set up the relationship between 3-qubit en-
tanglement and 2-qubit entanglements. By acting R˘123 on
|Ψ0〉 = |0〉1⊗|0〉2⊗|0〉3, we have:
|ψ˜〉=R˘123(θ1, θ2, θ3, ϕ)|000〉
= R˘12(θ1, ϕ)R˘23(θ2, ϕ)R˘12(θ3, ϕ)|000〉
= cos θ2 cos(θ1+θ3)|000〉
−e−iϕ sin θ2 cos(θ1−θ3)|011〉
+e−iϕ sin θ2 sin(θ1−θ3)|101〉
−e−iϕ cos θ2 sin(θ1+θ3)|110〉
= B1|000〉+B2|011〉+B3|101〉+B4|110〉 (28)
with the Yang-Baxter equation condition(see Eq.18) in alter-
native form
sin θ2
cos θ2
=
sin(θ1+θ3)
cos(θ1−θ3) (29)
the generated state can be recast to:
|ψ˜〉=cos θ2 cos(θ1+θ3)|000〉
−e−iϕ sin θ2 cos(θ1−θ3)|011〉
+e−iϕ sin θ2 sin(θ1−θ3)|101〉
−e−iϕ sin θ2 cos(θ1−θ3)|110〉
=B1|000〉+B2|011〉+B3|101〉+B2|110〉 (30)
According to the definition of concurrence(Eq.21) for 3-qubit
states, we express the concurreences in terms of sin 2θ1,
sin 2θ2 and sin 2θ3, whose absolute value represent entangled
degree of 2-qubit state when R˘i,i+1(θ) acts on 2-qubit direct
product state. Then the resultant concurrences are:
C21|23 = C
2
3|12 =
1
4 | sin 2θ2|2 (31a)
C22|13 = − 14 [sin 2θ2(sin 2θ1+sin 2θ3)−1]2+ 14 (31b)
with the constrain
sin 2θ2 =
sin 2θ1+sin 2θ3
1+sin 2θ1 sin 2θ3
(32)
For 0 ≤ θ1, θ2, θ3 ≤ pi/2, Eq.(32) means that the concurrence
satisfy Lorentz addition rather than the Galilean. We find that
C21|23 and C
2
3|12 only depends on | sin 2θ2|, whereas C22|13 de-
pends on both sin 2θ1 and sin 2θ3.
Let us consider two types of genuine entangled 3-qubit
states:
For GHZ state, the condition is C21|23 = C
2
2|13 = C
2
3|12 =
1
4 . Then we get | sin 2θ2| = 1, | sin 2θ1| = 1 and| sin 2θ3| =
0(or | sin 2θ1| = 0 and| sin 2θ3| = 1). Clearly that when 3-
qubit state is GHZ state under the local unitary transforma-
tion, not all the 2-qubit concurrences(| sin 2θ1|, | sin 2θ2| and
| sin 2θ3|) are maximal.
For W state, the condition is C21|23 = C
2
2|13 = C
2
3|12 =
2
9 .
and the 2-qubit concurrences | sin 2θ2| = 2
√
2
3 , | sin 2θ1| =
| sin 2θ3| =
√
2
2 . The three 2-qubit concurrences are also not
maximal.
5When all of the 2-qubit concurrences are maximal, i.e.
sin 2θ1 = sin 2θ2 = sin 2θ3 = 1, the generated state is
biseparable(C22|13 = 0): −
√
2e−iϕ
2 (|011〉+|110〉).
Thus we show that the values of 2-qubit concurrences gen-
erate the two types of 3-qubit genuine entangled states, GHZ
state and W state. If 3-body S-matrix can be decomposed into
three 2-body S-matrices restricted by YBE, the generated 3-
qubit state is biseparable when the 2-qubit concurrences of the
three 2-body S-matrices are maximal.
III. HAMILTONIAN FOR 3-BODY S-MATRIX AND
BERRY PHASE IN ENTANGLEMENT SPACE
As has been shown in Eq.(20), there are three parame-
ters η, β and ϕ in the 3-body S-matrix. If only ϕ is time-
dependent, the Hamiltonian can be constructed in the sim-
ilar way as for the 2-body case. Eq.(20) can be abbrevi-
ated as R˘i,i+1,i+2(η, β, ϕ)|ψ(0, 0, 0)〉 = |ψ(η, β, ϕ)〉. On ac-
count of the Schro¨dinger equation form i~ ∂∂t |ψ (η, β, ϕ)〉 =
Hˆ (η, β, ϕ) |ψ (η, β, ϕ)〉 , the 3-body Hamiltonian takes the
gauge potential form
Hˆi,i+1,i+2 = i~
∂R˘i,i+1,i+2
∂t
R˘−1i,i+1,i+2
that can be written explicitly as
Hˆi,i+1,i+2
=~ϕ˙{− sin2 η
[
sin2 β+1
2
(
S3i +S
3
i+2
)
+cos2 βS3i+1
]
− 1√
2
sin 2ηcosβ
(
ei2ϕS+i S
+
i+1+e
i2ϕS+i+1S
+
i+2+h.c.
)
+ 1√
2
sin2 η sin 2β
(
S+i S
−
i+1+S
+
i+1S
−
i+2+h.c.
)
− sin 2η sinβ (ei2ϕS+i S3i+1S+i+2+h.c.)
− sin2 η cos2 β (S+i S3i+1S−i+2+S−i S3i+1S+i+2)} (33)
where S±i and S
3
i represent the spin operators on i-th site and
form SU(2) algebra.
The instantaneous eigenvalues and eigenstates of
Hˆi,i+1,i+2 are:
For E0 = 0:
|a1〉 = − 1√2 (|011〉−|110〉)
|a2〉 = − 1√2 (|001〉−|100〉)
|a3〉 = 1√
1+sin2 β
(
−
√
2 sinβ|011〉+cosβ|101〉
)
|a4〉 = 1√
1+sin2 β
(√
2 sinβ|001〉+cosβ|010〉
)
For E+ = 2~ϕ˙ sin η:
|a5〉 =− cos β
√
1−sin η
2e−i2ϕ
(
|001〉−
√
2 tanβ|010〉+|100〉
)
+ cos η√
2−2 sin η |111〉 (35a)
|a6〉 = cos β cos η2√1−sin η (
√
2(sin η−1)ei2ϕ
cos η cos β |000〉
+|011〉+
√
2 tanβ|101〉+|110〉) (35b)
For E− = −2~ϕ˙ sin η:
|a7〉 = cos β
√
1+sin η
2e−i2ϕ (|001〉−
√
2 tanβ|010〉+|100〉)
+ cos η√
2+2 sin η
|111〉 (36a)
|a8〉 = cos β cos η2√1+sin η (
√
2(sin η+1)ei2ϕ
cos η cos β |000〉+|011〉
+
√
2 tanβ|101〉+|110〉) (36b)
The states for E0 = 0 are separable, whereas the other four
states are entangled.
With the eigenstates for the 3-body Hamiltonian, we can
calculate the Berry phase in entanglement space. Referring
to Wilczek-Zee theory[27, 28], which is a natural general-
ization of Berry’s theory, for degenerate spectra Hψna =
Enψna(a = 1, 2 . . . N), the corresponding adiabatic factor
is V = P exp
(
i
∮
C
A(n)
)
with A(n)ab := i〈ψnb|d|ψna〉 and
C is a closed path in parameter space. But the eigenstates
|a5〉 −→ |a8〉 give that A(n)ab = 0 for a 6= b, i.e. A(n) is diag-
onal. So it is much more convenient to express the geometric
factor matrix as Berry phase[29].
When ϕ (t) evolves a period adiabatically from 0 to pi
(|a1〉 −→ |a4〉 are ϕ-independent, |a5〉 −→ |a8〉 are ϕ-
dependent), the Berry phases of the entangled states are:
γn = i
∫ pi
0
dϕ
〈
an
∣∣∣ ∂∂ϕ ∣∣∣ an〉 (n = 5, 6, 7, 8)
For E+ = 2~ϕ˙ sin η:
γ5 = i
∫ pi
0
dϕ
〈
a5
∣∣∣ ∂∂ϕ ∣∣∣ a5〉 = −pi(1−sin η) (37a)
γ6 = i
∫ pi
0
dϕ
〈
a6
∣∣∣ ∂∂ϕ ∣∣∣ a6〉 = −pi(1−sin η) (37b)
For E− = −2~ϕ˙ sin η:
γ7 = i
∫ pi
0
dϕ
〈
a7
∣∣∣ ∂∂ϕ ∣∣∣ a7〉 = −pi(1+sin η) (38a)
γ8 = i
∫ pi
0
dϕ
〈
a8
∣∣∣ ∂∂ϕ ∣∣∣ a8〉 = −pi(1+sin η) (38b)
Thus the Berry phases related to Hˆi,i+1,i+2 are similar to the
solid angle enclosed by the loop on the Bloch sphere depend-
ing on η only. In Eq.(19), η represents the rotation angle along
the axis “~n·~Σ”, and β represents the orientation of the axis.
Now we discuss the eigenstates of E± in a little detail on
the basis of Eq.(35) and (36).
(a) For the maximal energy gap |E+−E−| at η = pi2 . and
by choosing sinβ = −
√
3
3 , cosβ =
√
6
3 and ϕ = 0, we have:
|a5〉 = |111〉
|a6〉 = 1√3 (|011〉−|101〉+|110〉)
|a7〉 = 1√3 (|001〉+|010〉+|100〉)
|a8〉 = |000〉
6that are either direct product state or a genuine entangled W
state.
(b) As η = pi6 , sinβ = −
√
3
3 , cosβ =
√
6
3 and ϕ = 0, we
have:
|a5〉 = −
√
3
6 (|001〉+|010〉+|100〉−3|111〉)
|a6〉 = − 12 (|000〉−|011〉+|101〉−|110〉)
|a7〉 = 12 (|001〉+|010〉+|100〉+|111〉)
|a8〉 =
√
3
6 (3|000〉+|011〉−|101〉+|110〉)
here |a6〉 and |a7〉 are GHZ states under local unitary transfor-
mation. When η = −pi6 , |a5〉 and |a8〉 are GHZ states under
local unitary transformation.
IV. NEXT NEIGHBOUR SPIN-1/2 CHAIN MODEL FOR
3-BODY S-MATRIX AND 1D KITAEV TOYMODEL
Majorana fermions(MFs) are particles that are their own
anti-particles and obey non-Abelian statistics[30–32], which
attract much attention due to their potential application in
topological quantum computation[33, 34]. In Ref.[20], Kitaev
proposed a spinless chain model: a “quantum wire” lies on the
surface of three-dimensional superconductor. This model gen-
erates unpaired Majorana fermions(topological ground state
degeneracy). The chain consists of L  1 sites, with each
site being either empty or occupied by an electron(with a fixed
spin direction). The Hamiltonian of the toy model reads[20]:
Hˆk =
L∑
j
[−µ
(
a†jaj− 12
)
−ω
(
a†jaj+1+a
†
j+1aj
)
+∆ajaj+1+∆
∗a†j+1a
†
j ] (39)
here ω is hopping amplitude, µ is chemical potential, ∆ =
|∆|e−i2ϕ is induced superconducting gap. By defining Majo-
rana fermion operators:
c2j−1 = eiϕa
†
j+e
−iϕaj (40a)
c2j = ie
iϕa†j−ie−iϕaj (40b)
They satisfy the relations:
c†m = cm, clcm+cmcl = 2δlm, l,m = 1, . . . 2N (41)
Then the Hamiltonian is transformed to be:
Hˆk =
i
2
∑
j
[−µc2j−1c2j+(ω+|∆|) c2jc2j+1
+ (−ω+|∆|) c2j−1c2j+2] (42)
Now let us compare our chain models(including 2-body S-
matrix and 3-body S-matrix) with 1D Kitaev toy model. We
first consider the chain for 2-body S-matrix R˘i,i+1 (θ, ϕ). Re-
calling the Hamiltonian Hˆi,i+1 = i~∂R˘∂t R˘
†, then the form:
Hˆi,i+1 = −~ϕ˙ sin θ[ sin θ2
(
S3i +S
3
i+1
)
+ cos θ
(
eiϕS+i S
+
i+1+e
−iϕS−i S
−
i+1
)
] (43)
where S+i =
(
0 1
0 0
)
, S−i =
(
0 0
1 0
)
, S3i =
(
1 0
0 −1
)
are
spin operators at i-th site.
Making the Jordan-Wigner transformation to represent spin
operators at sites with spinless fermion operators, we have:
S+j = e
−ipiΣj−1k=1a†kaka†j
S−j = e
ipiΣj−1k=1a
†
kakaj (44)
S3j = 2a
†
jaj−1
The chain model Hamiltonian reads:
Hˆ2 =
N∑
i=1
Hˆi,i+1 (45)
Hˆi,i+1 = −~ϕ˙ sin θ[sin θ(a†iai+a†i+1ai+1−1)
+ cos θ(eiϕa†i+1a
†
i+e
−iϕaiai+1)] (46)
In comparison with the 1D Kitaev toy model, the chain model
for 2-body S-matrix Hˆ2 is a special case of 1D Kitaev toy
model without hopping term(ω = 0). But in chain model
for 3-body S-matrix Hamiltonian, there appears hopping term
that we shall show below.
Denoting ~S3i = (S
3
i +S
3
i+1)/2, ~S
+
i = S
+
i S
+
i+1 and ~S
−
i =
S−i S
−
i+1, they still form SU(2) algebra with spin
1
2 . And then
Eq.(43) can be written in the following form:
Hˆi,i+1 = −~ϕ˙ sin θ [sin θSz+cos θ cosϕSx+cos θ sinϕSy]
= (−~ω) cosα−→n ·−→S (47)
where
−→
S = (Sx, Sy, Sz)
−→n = (cos θ cosϕ, cos θ sinϕ, sin θ)
It is easy to be diagonalized by unitary rotation. Therefore,
Kitaev’s model without hopping term turns into a Nuclear-
Magnetic-Resonance(NMR) problem of a “bispin” system
that comes from Type-II solution of YBE.
In Sec.III, the Hamiltonian for 3-body Hˆi,i+1,i+2 (see
Eq.33) has been obtained. Now we recast Eq.(33) to homo-
geneous chain model, for η, β and ϕ are same in different
sites. Then the total spin- 12 chain model is:
Hˆ3 =
N∑
n=1
Hˆn,n+1,n+2 (48)
In comparison with Eq.(45), the Eq.(48) contains not only
the nearest neighbour interaction for (n, n+1)-th sites and
(n+1, n+2)-th sites, but also the next nearest neighbouring
interaction for (n, n+2)-th sites.
Now we compare the chain model for 3-body S-matrix with
1D Kitaev’s toy model[20].
7After Jordan-Wigner transformation(Eq.44), the Hamilto-
nian(Eq.48) turns out to be(~ϕ˙ = 1 for simplicity):
Hˆ3 =
N−2∑
n=1
[− sin2 η(1+sin2 β)(a†nan− 12 )
−
√
2
2 sin 2η cosβ(e
i2ϕa†na
†
n+1+h.c.)
+
√
2
2 sin
2 η sin 2β(a†nan+1−ana†n+1)] (49a)
+
N−2∑
n=1
[−2 sin2 η cos2 β(a†n+1an+1− 12 )
−
√
2
2 sin 2η cosβ(e
i2ϕa†n+1a
†
n+2+h.c.)
+
√
2
2 sin
2 η sin 2β(a†n+1an+2−an+1a†n+2)] (49b)
+
N−2∑
n=1
[− sin2 η(1+sin2 β)(a†n+2an+2
− 12 )+sin 2η sinβ(ei2ϕa†na†n+2+h.c.)
+sin2 η cos2 β(a†nan+2−ana†n+2)] (49c)
We can see that Hˆ3 is obviously the extension of 1D Kitaev
toy model(Eq.39). There are three parts in the chain Hˆ3. The
first part(Eq.49a) includes fermions from 1 to N-1 sites, the
second part(Eq.49b) includes fermions from 2 to N sites. Both
of them form the Kitaev model with specified parameters. The
third part(Eq.49c) includes fermions from 3 to N sites and
gives rise to the interaction terms between n and n+2 sites.
Suppose N  1, after Fourier transformation:
an =
√
1
N
∑pi
k=−pi e
−inkfk
a†n =
√
1
N
∑pi
k=−pi e
inkf†k (50)
The Hamiltonian is transformed into:
Hˆ =
pi∑
k=−pi
(
XkS
z
k+YkS
+
k +Y
∗
k S
−
k
)
(51)
Xk = − sin2 η
[
6−(
√
2 sinβ+2 cosβ cos k)2
]
Yk = i sin 2η(
√
2 cosβ sin k−sinβ sin 2k)ei2ϕ
Y ∗k = −i sin 2η(
√
2 cosβ sin k−sinβ sin 2k)e−i2ϕ
where Szk =
1
2 (f
†
kfk+f
†
−kf−k−1), S+k = f†kf†−k and S−k =
f−kfk form SU(2) algebra. The eigenspectra (energy vs. mo-
mentum) contains two bands of quasiparticle excitations:
 (k) = ±
√
|X2k|
4 +|Yk|2 (52)
1D Kitaev toy model is a model with Z2 symmetry and
topological degeneracy. The appearance of ground state de-
generacy is dependent on the boundary condition of the chain.
The ground state is 2-fold degeneracy for an open chain and
unique on a closed loop[20, 35]. The basic idea of Kitaev’s
model is the existence of “Zero Mode”, which makes the ap-
pearance of unpaired Majorana fermions at the end of the
chain possible. The generalized condition for generating un-
paired Majorana fermions is given by[20]: 2|ω| > |µ|(see
Eq.39), and 2|ω| = |µ| is a phase boundary (in this boundary
the bulk energy gap vanishes). We now investigate whether
the existence of the so called “Zero Mode” in our chain model
for 3-body S-matrix. Our chain model can be written in terms
of Majorana operators cj(see Eq.40a):
−2iHˆ3
= −µ1(c1c2+c2N−1c2N )−(µ1+µ2)(c3c4+c2N−3c2N−2)
+(∆1+ω1)(c2c3+2c4c5+c2N−2c2N−1+2c2N−4c2N−3)
+(∆1−ω1)(c1c4+2c3c6+c2N−3c2N+2c2N−5c2N−2)
+(∆2+ω2)(c2c5+c4c7+c2N−4c2N−1+c2N−6c2N−3)
+(∆2−ω2)(c1c6+c3c8+c2N−5c2N+c2N−7c2N−2)
+
N−2∑
j=3
(−2µ1−µ2)c2j−1c2j
+
N−3∑
j=3
[2(ω1+∆1)c2jc2j+1+2(−ω1+∆1)c2j−1c2j+2
+(ω2+∆2)c2jc2j+3+(−ω2+∆2)c2j−1c2j+4] (53)
with the parameter:
µ1 = sin
2 η(1+sin2 β) (54a)
µ2 = 2 sin
2 η cos2 β (54b)
ω1 = −
√
2 sin2 η cosβ sinβ (54c)
ω2 = − sin2 η cos2 β (54d)
∆1 = −
√
2 sin η cos η cosβ (54e)
∆2 = 2 sin η cos η sinβ (54f)
Then the Hamiltonian(Eq.53) takes the form:
Hˆ3 =
i
4
∑
l,m
Almclcm, A
∗
lm = Alm = −Aml (55)
which can reduce to
Hˆ3 =
i
2
N∑
m=1
mb
′
mb
′′
m (56)
where b′m and b
′′
m are real linear combinations of c2j−1, c2j
with the same commutation relations. “Zero Mode” means
m = 0 for some m. For the simplicity we suppose ω2 =
∆2[36], the mode becomes the form(see Appendix B):
b′ =
N∑
j=1
(
α′1x
j
1+α
′
2x
j
2+α
′
3x
j
3
)
c2j (57a)
b′′ =
N∑
j=1
(
α′′1x
−j
1 +α
′′
2x
−j
2 +α
′′
3x
−j
3
)
c2j−1 (57b)
where x1, x2 and x3 are roots of equation (2 tan2 β+1)x3−
2
√
2(tan3 β+tanβ)x2+(2 tan2 β−1)x+√2 tanβ = 0 ob-
tained from the Hamiltonian(Eq.53). b′ and b′′ represent two
unpaired Majorana fermions at the end of the chain.
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FIG. 1. Modulus of three roots x1, x2 and x3. The dashed line
represents the modulus of x1, the solid line represents the modulus
of x2, the dotdashed line represents the modulus of x3. we find that
when β = arccos(
√
6
3
), x1 = 0.5, |x2| = |x3| = 1, and the energy
gap disappears, which is similar to the “phase boundary” 2|ω| = |µ|
proposed in 1D Kitaev toy model.
For 0 ≤ β < pi2 , by numerical calculation we can find two
roots |x1| ≤ 1 , |x2| ≤ 1 and the third one |x3| ≥ 1(See
Fig.1), therefore, to generate unpaired Majorana fermions at
the end of the chain under the boundary condition, α′3 and α
′′
3
should be zero. However, we shall show that α′1 and α
′
2(α
′′
1
and α′′2 ) cannot be zero under the boundary condition. The
boundary condition reads(see the matrix in Appendix B):
2∑
i=1
α′i[−µ1xi+(−ω1+∆1)x2i ] = 0 (58a)
2∑
i=1
α′i[−ω2−∆2+(−ω1−∆1)xi−µ1x2i ] = 0 (58b)
2∑
i=1
α′′i x
−N−1
i [µ1xi+(ω1−∆1)x2i ] = 0 (58c)
2∑
i=1
α′′i x
−N−1
i [−ω2−∆2+(−ω1−∆1)xi−µ1x2i ] = 0 (58d)
The existence of topological ground state degeneracy depends
only on the parameter β. Now we consider two cases: 1) β 6=
arccos
√
6
3 , α
′
1 = α
′
2 = α
′′
1 = α
′′
2 = 0, which means that there
are not unpaired Majorana fermions at the end of the chain;
2) β = arccos
√
6
3 , the bulk energy gap between ground state
and excited state disappears for the root |x1| = 0.5, |x2| = 1,
|x3| = 1, and it is impossible to generate unpaired Majorana
fermions near the end of the chain. Thus we conclude that
the unpaired Majorana fermions are killed by YBE. Similar to
the “phase boundary” mentioned in the Ref.[20], the bulk gap
in our chain disappears when η = −pi3 and β = arccos
√
6
3 ,
although there is not phase transition as Kitaev’s model in our
chain. In the meanwhile, β = arccos
√
6
3 and η = −pi3 are a
sufficient condition for generating 3-qubit GHZ state in Sec.II.
Let us give a brief discussion why YBE does not allow un-
paired MFs in Eq.(39). According to the Ref.[20], the exis-
tence condition of unpaired Majorana fermions is 2|ω| > |µ|.
Eq.(49) shows that each part (49a, 49b, 49c) can be viewed as
a Kitaev model. If we suppose each part has unpaired MFs,
the condition should be
2|
√
2
2 sin
2 η sin 2β| > | sin2 η(1+sin2 β)| (59a)
2|
√
2
2 sin
2 η sin 2β| > |2 sin2 η cos2 β| (59b)
2| sin2 η cos2 β| > | sin2 η(1+sin2 β)| (59c)
If one of the three conditions(59a,59b,59c) is satisfied, an-
other two conditions are violated, so it is impossible to gener-
ate unpaired MFs. The reason is that YBE has set the param-
eters in Eq.(39) to be dependent. The allowed region is out of
the condition for the existence of unpaired MFs.
V. ENTANGLING DEPENDENCE ON PARAMETER IN
SPECIAL CHAIN MODEL
In Sec.II, we show that the condition satisfied by parameter
η for generating GHZ states and W states are η = pi3 and
pi
2 , respectively. Now we discuss a special case of the chain
model for 3-body S-matrix . Two issues will be taken into
account below. Firstly, we discuss the entanglement transfer
in our chain model by adding Aharonov-Casher effect on spin
sites; Secondly, we discuss the example for the entanglement
transfer dependence on entanglement space parameter β for
N=4.
The condition η = pi2 corresponds to both W states and
the maximal energy gap between E± in the Hamiltonian
for 3-body S-matrix (Sec.III). The chain model(Eq.48) then
becomes(~ = ϕ˙ = 1):
Hˆ = −
N∑
n=1
[
1+sin2 β
2
(
S3n+S
3
n+2
)
+cos2 βS3n+1
]
+
√
2
2 sin 2β
N∑
n=1
(
S+n S
−
n+1+S
+
n+1S
−
n+2+h.c.
)
− cos2 β
N∑
n=1
(
S+n S
3
n+1S
−
n+2+S
−
n S
3
n+1S
+
n+2
)
(60)
By choosing periodic boundary condition(N+1=1,N+2=2),
the above equation turns out to be
Hˆ = −
N∑
n=1
2S3n+
√
2 sin 2β
N∑
n=1
(
S+n S
−
n+1+S
−
n S
+
n+1
)
− cos2 β
N∑
n=1
(
S+n S
3
n+1S
−
n+2+S
−
n S
3
n+1S
+
n+2
)
(61)
After Jordan-Wigner transformation(see Eq.44) the trans-
9formed chain model becomes:
Hˆ = −2
N∑
n=1
(
2a†nan−1
)
+cos2 β
N−2∑
n=1
(
a†nan+2−ana†n+2
)
+
√
2 sin 2β
N−1∑
n=1
(
a†nan+1−ana†n+1
)
−
√
2 sin2 β
[
a†Na1−aNa†1
]
eipi
∑N
k=1 a
†
kak
− cos2 β
(
a†N−1a1+a
†
Na2
)
e−ipi
∑N
k=1 a
†
kak
+ cos2 β
(
aN−1a
†
1+aNa
†
2
)
eipi
∑N
k=1 a
†
kak (62)
To solve this model, we follow Ref.[37] by assuming that the
system is in the “one-magnon” state, namely the total num-
ber of spin flip in the chain model is one. Under the condi-
tion, eipi
∑N
k=1 a
†
kak = e−ipi
∑N
k=1 a
†
kak = −1. Through Fourier
transformation:
a†k =
1√
N
∑
j
ei2pikj/Nη†j (63)
ak =
1√
N
∑
j
e−i2pikj/Nηj
where 1 ≤ j ≤ N . The Eq.(62) is transformed into
Hˆ =
∑
j
(
Ejη
†
jηj+2
)
(64)
The energy spectrum(ignore the constant term 2N) is
Ej = 2
√
2 sin 2β cos( 2pijN )+2 cos
2 β cos( 4pijN )−4 (65)
and the corresponding eigenstate
|j〉 := η†j | ↓〉⊗N = 1√N
N∑
k=1
ei2pi
kj
N S+k |↓〉⊗N (66)
In Ref.[37], a description of the entanglement transfer be-
tween an arbitrary pair of spins for an N-spin chain under the
one-magnon condition has been given:
|Ψ(t)〉 =
N∑
k=1
αk(t)S
+
k |0〉⊗N (67)
where S+m = S
x
m+iS
y
m is the raising operator defined with the
spin- 12 operators S
α
m(α = x, y, z) for the m-th spin. Follow-
ing Ref.[37] we are going to discuss how to measure the pair-
wise entanglement in |Ψ(t)〉 by introducing the concurrence.
The concurrence C in a bipartite reduced density matrix ρ is
defined as[38]:
C := max{0, λ1−λ2−λ3−λ4} (68)
where λi are the square roots of eigenvalues of the matrix R
in descending order. The matrix R is given as a product of ρ
and its time-reversed state, namely
R = ρ (σy⊗σy) ρ∗ (σy⊗σy) (69)
the concurrence takes its maximum value 1 for the maximal
entangled state, and 0 for all separable states. For the concur-
rence between l1th and l2th spins at time t, the density matrix
ρ(l1, l2) can be evaluted by tracing out all spins except these
two. The concurrence Cl1,l2 is expressed as
Cl1,l2(t) = 2|αl1(t)||αl2(t)| (70)
Now turn back to our chain model. Suppose at time t = 0
the m1th spin and the m2th spin are maximally entangled,
then the state can be expressed as
|Ψ(0)〉 = 1√
2N
∑
j
[
e−i2pi
jm1
N +e−i2pi
jm2
N
]
|j〉 (71)
If the state evolves adiabatically, there should be an extra dy-
namical phase for each state |j〉(~ = 1) at time t:
|Ψ(t)〉 = 1√
2N
∑
j
(
e−i2pi
jm1
N +e−i2pi
jm2
N
)
e−iEjt|j〉
(72)
Substitute Eq.(66) into Eq.(72), it leads to
|Ψ(t)〉 = 1√
2N
∑
k,j
(ei2pi
j(k−m1)
N −iEjt
+ei2pi
j(k−m2)
N −iEjt)S+k | ↓〉⊗N (73)
In comparison with Eq.(67), we get the formula of αj(t):(1 ≤
j ≤ N)
αm1,m2k (t)
= 1√
2N
∑
j
(
ei2pi
j(k−m1)
N +ei2pi
j(k−m2)
N
)
e−iEjt (74)
With the obtained αk(t), we evaluate the concurrence be-
tween l1th and l2th spin at time t:
Cm1,m2l1,l2 = 2|α
m1,m2
l1
(t)||αm1,m2l2 (t)| (75)
We first detect the influence of adding Aharonov-Casher
phase in our chain model. In Ref.[37], the effect of entan-
glement transfer by adding AC phase on standard Heisenberg
model that has only nearest neighbouring interaction has been
discussed, but in our chain model both nearest neighbouring
and next neighbouring interactions are included.
As is known well, the Aharonov-Casher effect is proposed
in Ref.[39], and can be taken as a physical mechanism to cause
a phase shift[37, 40, 41]. For a neutral particle with magnetic
moment ~µ travels from ~r to (~r+∆~r) in the electric field ~E, the
wave function of particle acquires an extra phase, A-C phase:
∆θ =
1
~c2
∫ ~r+∆~r
~r
~µ× ~E(x)·d~x (76)
Consider our chain model(Eq.60) as a ring-shaped chain,
i.e. with the periodic boundary condition N+1 = 1, N+2 =
10
2. The phase change θ between i and i+1-th spin site is given
by Eq.(76) with ~r = ~ri and ∆~r = ~ri+1−~ri, where 2θ is the
phase change between i and i+2-th spin site. Now under the
applied field Eq.(60) is transformed into:
Hˆ = −
N∑
n=1
2S3n+
√
2 sin 2β
N∑
n=1
(
eiθS+n S
−
n+1+h.c.
)
− cos2 β
N∑
n=1
(
ei2θS+n S
3
n+1S
−
n+2+h.c.
)
(77)
The eigenenergy after adding AC phase is
Ej = −4+2
√
2 sin 2β cos(θ−2pij/N)
+2 cos2 β cos(2θ−4pij/N) (78)
FIG. 2. The concurrence C1,23,4 as a function of time t and the AC
phase factor θ for β = arccos 1
2
.
Now we compare the pairwise entanglement between chain
with and without AC phase. To show the numerical result, we
take the chain length N=6 and β = arccos( 12 ). Suppose at
time t = 0 the 1-th and 2-th spins are maximally entangled,
according to Eq.(75), we get the concurrence dependence on
phase θ and time t between 3-th and 4-th site by numerical
calculation, see Fig.2. The phase shift θ plays a positive role
in entanglement transfer in our chain model that includes next
nearest neighbouring interaction. The maximum concurrence
C1,23,4 for θ = 0 is 0.455 at t = 14.704, but when θ 6= 0
the maximum concurrence C1,23,4 is not less than 0.982(at t =
19.248 and θ = 2.130), here we choose t ∈ [0, 20] and θ ∈
[−pi, pi].
Now let us detect how the parameter β influences the en-
tanglement transfer. When A-C phase θ = 0, we suppose the
initial entangled sites are m1 = 1 and m2 = 2 at time t = 0
and set the total number of sites N = 4, the coefficients are
given by
|α1,21 (t)| = 1√2 | cos[(
√
2 sin 2β+2 cos2 β)t]|;
|α1,22 (t)| = 1√2 | cos[(
√
2 sin 2β+2 cos2 β)t]|;
|α1,23 (t)| = 1√2 | sin[(
√
2 sin 2β+2 cos2 β)t]|;
|α1,24 (t)| = 1√2 | sin[(
√
2 sin 2β+2 cos2 β)t]|
The concurrence should be a periodic function for time twhen
parameter β is fixed.
The concurrence C1,23,4 oscillates with time for fixed param-
eter β. The oscillating frequency of the concurrence reaches
the maximum for cos 2β =
√
3
3 and sin 2β =
√
6
3 .
Another interesting phenomena occurs for
√
2 sin 2β+2 cos2 β = 0 (79)
Then β = arccos(−
√
6
3 ), |α1,21 (t)| = |α1,22 (t)| = 1√2 ,
|α1,23 (t)| = |α1,24 (t)| = 0, the coefficients make the entan-
glement transfer unable in our chain model for N = 4 due to
the effect of the interactions of n, n+1-site and n, n+2-th site.
β = arccos(−
√
6
3 ) is exactly a sufficient condition for gener-
ating genuine entangled 3-qubit pure states shown in Sec.II.
VI. CONCLUSION AND DISCUSSION
In this paper, we first show that 3-body scattering matrix of
Yang-Baxter equation really generates entangled 3-qubit state
by acting R˘123(η, β, ϕ) on direct product state and investigate
the relation between the parameters η, β in 3-body S-Matrix
and the corresponding concurrences. We give the condition
for generating two type of genuine entangled pure states from
direct states by 3-body S-Matrix transformation: GHZ states
are generated when | cos η| = 12 and | cosβ| =
√
6
3 , W states
are generated when | cos η| = 0 and | cosβ| =
√
6
3 . We also
find that the bipartite concurrence of 3-qubit pure state can be
expressed by 2-qubit concurrence(relate to 2-body S-matrix).
Second, we obtain the Hamiltonian based on the S-Matrix and
the Berry phase in 3-qubit entanglement space that depends
on one parameter η only. The solid angle enclosed by the
loop on the Bloch sphere is realized in terms of η. Third,
we construct a 3-body S-matrix Hamiltonian chain model and
find it is the extension of 1D Kitaev toy model, and show that
the YBE condition kills the unpaired Majorana fermions at the
end of the chain. We show that the parameters in entanglement
space η = −pi3 and β = arccos
√
6
3 corresponds to the “Phase
Boundary” 2ω = µ proposed by Kitaev, meanwhile the pa-
rameter η = −pi3 and β = arccos
√
6
3 is also a sufficient con-
dition for generating 3-qubit genuine entangled GHZ states in
Sec.II. Forth, we consider the special case of the chain model
in η = pi2 . The boost of AC effect in entanglement transfer
is discussed, and we find that when β = arccos(−
√
6
3 ) for
the chain length N=4, the entanglement cannot be transferred
with time t although there are interactions between different
11
spin sites due to YBE condition. So we guess that there is
much closer relation between 3-body S-matrix factorized by
Yang-Baxter Equation and 3-qubit pure state entanglement as
well as the chain model for 3-body S-matrix to be detected.
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APPENDIX A: CALCULATION OF 3-BODY S-MATRIX IN
THE EXPONENTIAL FORM
3-body S-matrix is expressed as:
R˘123(θ1, θ2, θ3, ϕ) = R˘12(θ1, ϕ)R˘23(θ2, ϕ)R˘12(θ3, ϕ)
= [R˘⊗I][I⊗R˘][R˘⊗I] (80)
where
R˘ = cos θiI⊗I+i sin θiσ2⊗σ1 (81)
with σ1 =
(
0 eiϕ
e−iϕ 0
)
, σ2 =
(
0 −ieiϕ
ie−iϕ 0
)
, σ3 =(
1 0
0 −1
)
, they satisfy [σi, σj ] = iijkσk.
Then Eq.(80) is expressed by:(denote a⊗b⊗c ≡ abc)
R˘123(θ1, θ2, θ3, ϕ)
= [cos θ1I
⊗3+i sin θ1σ2σ1I][cos θ2I⊗3+i sin θ2Iσ2σ1]
[cos θ3I
⊗3+i sin θ3σ2σ1I]
= cos θ2 cos(θ1+θ3)I
⊗3−i sin θ2 sin(θ1−θ3)σ2σ3σ1
+i cos θ2 sin(θ1+θ3)σ2σ1I+i sin θ2 cos(θ1−θ3)Iσ2σ1
With the deformation of the relation(Eq.18) between θ1, θ2
and θ3:
sin θ2 cos(θ1−θ3) = cos θ2 sin(θ1+θ3) (82)
We have
R˘123(θ1, θ2, θ3, ϕ)
= [cos θ1I
⊗3+i sin θ1Iσ2σ1][cos θ2I⊗3+i sin θ2σ2σ1I]
[cos θ3I
⊗3+i sin θ3Iσ2σ1]
= cos θ2 cos(θ1+θ3)I
⊗3−i sin θ2 sin(θ1−θ3)σ2σ3σ1
+i sin θ2 cos(θ1−θ3)σ2σ1I+i sin θ2 cos(θ1−θ3)Iσ2σ1
= cos ηI⊗3+i sin η(~n·~Σ)
where:
cos η = cos θ2 cos(θ1+θ3) (83)
sin η = sin θ2
√
1+cos2(θ1−θ3) (84)
cosβ =
√
2 cos(θ1−θ3)√
1+cos2(θ1−θ3)
(85)
sinβ = sin(θ3−θ1)√
1+cos2(θ1−θ3)
(86)
~n = ( 1√
2
cosβ, 1√
2
cosβ, sinβ) (87)
~Σ = (σ2σ1I, Iσ2σ1, σ2σ3σ1) (88)
It is easy to check that (~n·~Σ)2 = I⊗3, then we have
R˘123(θ1, θ2, θ3, ϕ) = cos ηI
⊗3+i sin η(~n·~Σ) = eiη(~n·~Σ)
(89)
APPENDIX B: CALCULATIONS OF “ZEROMODE” IN
SECTION IV
From Eq.(54), with the assumption ω2 = ∆2 and the pa-
rameters’ relation(Eq.(54)), all of the six parameters have a
common factor ω2:
ω1 =
√
2 tanβω2
∆1 = − 1√
2 tanβ
∆2 = − 1√
2 tanβ
ω2
µ1 = −(1+2 tan2 β)ω2
µ2 = −2ω2
ω2 = ∆2
Let tanβ ≡ b, we find that Hˆ3 is given by
Hˆ3 =
iω2
4
∑
i,j
Aijcicj (91)
with the matrix
12
A =

0 1+2b2 0 −2b
2−1√
2b
0 0 0 0 · · · 0
−1−2b2 0 2b2−1√
2b
0 2 0 0 0 · · · 0
0 −2b
2+1√
2b
0 3+2b2 0 −4b
2−2√
2b
0 0 · · · 0
2b2+1√
2b
0 −3−2b2 0 4b2−2√
2b
0 2 0 · · · 0
0 −2 0 −4b2+2√
2b
0 4b2+4 0 −4b
2−2√
2b
0 · · ·
0 0 4b
2+2√
2b
0 −4b2−4 0 4b2−2√
2b
0 2 · · ·
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
· · · −2 0 −4b2+2√
2b
0 4b2+4 0 −4b
2−2√
2b
0 0
· · · 0 4b2+2√
2b
0 −4b2−4 0 4b2−2√
2b
0 2 0
0 · · · 0 −2 0 −4b2+2√
2b
0 3+2b2 0 −2b
2−1√
2b
0 · · · 0 0 4b2+2√
2b
0 −3−2b2 0 2b2−1√
2b
0
0 · · · 0 0 0 −2 0 −2b2+1√
2b
0 1+2b2
0 · · · 0 0 0 0 2b2+1√
2b
0 −1−2b2 0

In matrix A, there are only 4 non-zero elements in each
row(from 5-th to (2N-4)-th row) and the other entries can be
viewed as boundary condition. If there exist zero eigenvalues
for matrix A, the eigenvector should be
|V1〉 = α′1|x1〉+α′2|x2〉+α′3|x3〉 (93a)
|V2〉 = α′′1 |x−11 〉+α′′2 |x−12 〉+α′′3 |x−13 〉 (93b)
with (i = 1, 2, 3)
|xi〉 = (0, xi, 0, x2i , 0, · · · 0, xN−1i , 0, xNi ) (94a)
|x−1i 〉 = (x−1i , 0, x−2i , 0, · · ·x−N+1i , 0, x−Ni , 0) (94b)
Substitute them into matrix A, xi are the roots of
(2 tan2 β+1)x3−2
√
2(tan3 β+tanβ)x2
+(2 tan2 β−1)x+
√
2 tanβ = 0 (95)
αi and α′i are used for satisfying the boundary condition in 1
to 4-th row and (2N-3) to 2N-th row of matrix A.
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